
Part II:  
Structure  Formation



　Non-relativistic Ideal Fluid

r : proper coordinate

Lagrangian, convective derivative: 

x : comoving coord.

Proper velocity: 

(baryonic gas, collision-less DM)

5 eqns, 6 unknowns:

add EOS

p

Peculiar velocity 

= ȧx+ aẋ
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= Hr + aẋ
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= vH + vp
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Hubble flow

vH = H r =

!
ȧ
a

"
r
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(◎)



Extension to include other background fluids: 

: relativistic background 
: vacuum energy

general 
source term

Remember,

= —So, the contrib. of background 
can be subtracted off as: 

Effect of adding background is to change only a(t).

equiv. mass density for 

{

{



　Linear Perturbation Theory

Jeans, Lifshitz, Peebles, Mo, …

Density: Overdensity: δ =
ρ− ρ̄

ρ̄
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Eq. of. State:

plus

From (◎), coordinate change:

(☆)



1st law of thermodynamics for unit mass:

Thus, adiabatic sound speed:

Euler eq. (☆) 
becomes:

Neglecting nonlinear terms:
(★)

Specific entropy:



Differentiate (★) and using earlier eqns: 

Hubble drag
gravity

pressures

k: comoving wave vector

Fourier 
transform:

velocity potential



For `isentropic’ initial perturbation, 

gravity pressure

Jeans wavelength

Jeans mass

where
: total mass density

M > MJ
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λ > λJ
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then, collapse.or



Specific solutions:  

Einstein-de-Sitter Univ.:
Ωm = 1
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Λ = 0
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Open Univ.:

k = − 1
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In general, 

Carroll+ ‘92

linear growth rate

(a) Pressure-less fluid: 

●

●

●



Linear Growth Rate

Time

Effect of faster expansion rate 
and Hubble drag

slower growth



~20 kpc

~100 kpc

DM halo & galaxy

Circum-galactic 
medium

Intergalactic medium

(cf. Spherical collapse model)

virial radius

dark matter  
halo



Press-Schechter Mass Function (1974)

Probability that
Ansatz:

=  fraction of mass contained in halos with mass >M

mass variance:

The mass fraction:
fudge factor

PS mass function:

Or, 



Reed+ ’07 Klypin+’11 

Comparison with N-body simulation

(see also Mo & White ’02)

(Sheth & Tormen ’99)

overproduction  
@ high-z



Dark matter halo cusp
Navarro-Frenk-White (NFW) profile (NFW ’96)

(Bullock+’01)

But, some observed dwarf gals have flat cores.
review by Bullock & Boylan-Kolchin ‘17

a≃0.1

(see also Klypin+’16-)



Einasto Profile
Generalization of 

power-law:  rα 

Einasto ’63, ‘65
Merritt+ ’05, ‘06



NFW:
concentration param:

Burkert profile:

LITTLE THINGS survey
(Oh+’15)



Background Cosmology 

Gravitational Instability 

N-body dynamics (Dark Matter) — Ch.2 of my book 

Hydrodynamics 

Radiative Cooling of Gas, UVB 

Star Formation, Chemical Enrichment 

Feedback (SNe, AGNs)

“Recipe” for Galaxy Formation

+ spherical collapse model



“1st-order” Galaxy Formation

Gas infall
& shock heating

DM halo forms.

Gas dissipates, 
cools, 

& forms a disk.
Rees & Ostriker ’77

White & Rees ’78
Fall & Efstathiou ’80

White & Frenk ‘91
Mo, Mao & White ‘98

Virial shock
Tvir

Gas inflow

Star, Galaxy Formation

“spherical cow”
PS theory



Part III:  
Complex Baryonic Physics 

(gastro-physics)

Needs to be studied by numerical 
simulations (N-body + hydrodynamics) to 

fully non-linear regime

“2nd-order” Galaxy Formation



Self-consistent galaxy formation scenario 
from first principles (as much as possible)

z~1100

Initial conditions
z=10

z=3
Cosmological params, 

Dark energy, Dark matter,  
Baryons  

(+expanding universe)

Radiative 
heating/cooling, 
Star formation, 

 & Feedbackz=100

z=0

Gravity + Hydrodynamics

Computational Cosmology

Baryonic physics



Three Revolutions in Cosmological Hydro 
Simulations

1990’:  1st 
Revolution

2001-2011
2nd Rev.

2012~
3rd Rev.

First cosmological, but 
coarse calculation

e.g. Cen, Ostriker ’92-’93
    Katz+ ’96

Resolution~100 kpc
Resolution ~ kpc Resolution~ 10-100pc

e.g.   KN+ ’01, 04, 06
        Springel & Hernquist ’03

Larger scale, medium 
resolution w. 

subgrid models
Zoom-in method allows 

much higher res. 

IC code: GRAFIC (Bertschinger)
         MUSIC (Hahn & Abel ’11)
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Fig. 3.1. The evolution of the number of resolution elements in hydrodynamical, cosmological
simulations over the last two decades. The blue data points are simulations including the effect of
cooling and star formation [2–17], the red data points are simulations which in addition include
the effect of AGN feedback [18–29].

momentum equation, the continuity equation, and the first law of thermodynamics:

dv⃗

dt
= −∇⃗P

ρ
− ∇⃗Φ, (3.1)

dρ

dt
+ ρ∇⃗v⃗ = 0, (3.2)

du

dt
= −P

ρ
∇⃗ · v⃗ − Λ(u, ρ)

ρ
. (3.3)

They are closed by an equation of state, relating the pressure P to the internal
energy (per unit mass) u and the density ρ. Assuming an ideal, monoatomic gas,
this will be

P = (γ − 1)ρu (3.4)

with the polytropic index γ = 5/3. As result of applying these equations to cos-
mological structure formation, there are several features emerging in comparison to
other, typical, hydrodynamic simulations. First, one has to account for the otherwise
often neglected self-gravity, emerging as the ∇⃗Φ term, which can be solved following
the methods described in Chapter 2. Second, radiative losses Λ(u, ρ) as laid out in
Section 3.4 play a key role in influencing the evolution of the baryonic component,
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Fig. 1.8. Mass resolution vs. simulation volume for large N-body simulations. The ordinate shows
the inverse of N-body particle mass, and the abscissa shows simulation volume. A higher-resolution
simulation but with a smaller volume is located in the upper left of this diagram, and a lower-
resolution simulation but with a larger volume is located in the right-bottom corner. The ultimate
goal is to perform simulations in the upper-right corner of this diagram, but one can see that most
simulations are on the diagonal line which connects above two regions. Figure taken from Fig. 1
of [78].

[92–94] for moving mesh (see also [95]). These hydrodynamic methods in cosmology
will be reviewed in more detail in Chapter 3, and the details of galaxy formation
modeling will be discussed in Chapter 6. Below, we briefly review the history of
cosmological hydrodynamic simulations (CHS) and some milestones along the way.

A series of pioneering work in the early 1990s [96–99] studied various aspects
of galaxy bias and IGM distribution successfully using an Eulerian total varia-
tion diminishing (TVD) hydrodynamic code [100] (see also [101–104]). Parallel
to the Eulerian simulations, SPH method has also been used actively for galaxy
formation and cosmological simulations [71, 105–109]. A public code GADGET
and GADGET-2 (see [76, 77], http://wwwmpa.mpa-garching.mpg.de/gadget/) have
been used widely for a variety of studies of galaxy formation and evolution, and its
successor GADGET-3 has evolved into another public code GIZMO (see [110, 111],
http://www.tapir.caltech.edu/˜phopkins/Site/GIZMO.html).

Different codes (Eulerian, SPH, AMR, moving mesh) have their own pros
and cons, and need to be investigated carefully to understand their systematic
effects. Many code comparison projects have been performed, such as the Santa
Barbara cluster comparison [112], Aquila project [113], and AGORA project [114]
(https://sites.google.com/site/santacruzcomparisonproject/). Each project had its
own specific goals, e.g., testing the dependence of results on N -body computational
methods [115], hydrodynamic methods [112, 115, 116], or star formation and feed-
back models [113, 114]. For example, Ref. [112] addressed the issue of entropy core
in the center of galaxy clusters and how different hydrodynamic codes exhibited
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Framework of Computational Cosmology

General Relativity
Einstein Eqn Friedmann Eqn

Cosmological 
Parameters

FRW metric

Fluid Dynamics

SPH

AMR

Eulerian mesh

Moving mesh

Atomic-Molecular 
Physics

Gravity N-body techniques

Time evolution of space-time

UV background

Star Formation 


MS, SN, BH feedback

Pop. synthesis

+

+ Initial Condition

(Ch.2 of my book)

for DM, stars



Cosmological Hydro Codes
Eulerian mesh  (e.g. Cen & Ostriker ’92;  KN+’01)  


AMR (adaptive mesh refinement: e.g. Enzo, RAMSES, etc.)


SPH  (Smoothed Particle Hydrodynamics: e.g. GADGET, GASOLINE, etc.)

- Eulerian mesh, PM gravity solver, shock capturing hydro

- fast; good baryonic mass resolution at early times

- low final spatial resolution in high-ρ regions, but good at low-ρ regions

- Lagrangian, particle-based (both gas & dark matter)

- Tree-PM for gravity

- SPH for hydro

- fast; good spatial resolution in high-ρ region, but 


not so good in low-ρ region


- Eulerian root grid, refine as necessary

- multi-grid PM gravity solver, ZEUS hydro, PPM hydro

- high dynamic range, but slower

AMR-SPH 
comparison:  

O’Shea, KN+ ‘05



Moving mesh method: Voronoi tesselation

Pen ‘98 Springel ‘10

Mesh-less methods:

Hopkins ‘12

regular SPH

AREPO

Furthermore, 

Gizmo
(based on GADGET-3)



Cosmological Hydrodynamics

Cen ’92; Cen & Ostriker ’93~; …   

Mass consv.

Momentum consv.

Energy consv.

total specific energy 
per comoving vol.

ρ
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: comoving density

u
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: proper peculiar vel.

Plus

where



H, He, Hii, Heii, ….

radiation

EOS
Cen ’92



Background Cosmology 

Gravitational Instability 

N-body dynamics (Dark Matter) — Ch.2 of my book 

Hydrodynamics — Ch.3 of my book 

Radiative Cooling of Gas, UVB 

Star Formation, Chemical Enrichment 

Feedback (SNe, AGNs)

“Recipe” for Galaxy Formation

+ spherical collapse model



Cooling Processes
•  Compton cooling: electron scattering off of photon backgrnd

Cooling rate 
per unit vol.

Cooling time:

(EdS Univ.)

(cf. Inverse Compton scatt. in gal. clusters — SZ effect)

C.C. off of CMB is only important at z>6.



•  Bremsstrahlung:
free-free 

emissivity

•  Collisional ionization: K.E. of e- is used for ionization of atoms.

• Recombination: e- combines with ion, emitting a photon —> escape

• Collisional excitation: atoms excited by collisions with e- 
—> decay & emit photon



Cooling Curve
(Radiative Cooling Rate/Function)
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ionization equilibrium

detailed balance
principle

OI
FeII
SiII
CII

H2 + HD

Fig. 3.7. Left panel: The total cooling curve (solid line) and its composition from different pro-
cesses for a primordial mixture of H and He. Figure taken from [3]. Right panel: The total cooling
curve as a function of different metallicity. The part below 10 4K also takes into account cooling
by molecules (e.g., HD and H2) and metal lines. Figure taken from [95].

Note that almost all implementations solve the above rate equations (and therefore
the cooling of the gas) as a “subtime step” problem, decoupled from the hydrody-
namical treatment. In practice, this means that one assumes the density is fixed
across the time step. Furthermore, the time step of the underlying hydrodynamical
simulation is in general, for practical reasons, not controlled by or related to the
cooling time scale. The resulting uncertainties introduced by these approximations
have not yet been deeply explored and clearly leave room for future investigations.

For the formation of the first objects in halos with virial temperatures below
104K, the assumption of ionization equilibrium no longer holds. In this case, one
has to follow the nonequilibrium reactions, solving the balance equations for the
individual levels of each species during the cosmological evolution. In the absence
of metals, the main coolants are H2 and H+

2 molecules (see [99]). HD molecules
can also play a significant role. When metals are present, many more reactions are
available and some of these can contribute significantly to the cooling function below
104K. This effect is clearly visible in the right panel of Fig. 3.7 for T < 104K. For
more details, see Chapter 6 and Refs. 100, 95 and references therein.

3.5. Star formation and feedback

Once radiative losses are taken into account, the drop out of cold gas into collision-
less stars has to be modeled. This process is described in more detail in Chapter 6.
In brief, when gas exceeds a certain density threshold, the resolution element (either
the SPH smoothing length or the mesh size for Eulerian codes) is Jeans unstable and
represents a convergent flow, it is assumed that the individual resolution element
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Fig. 3.7. Left panel: The total cooling curve (solid line) and its composition from different pro-
cesses for a primordial mixture of H and He. Figure taken from [3]. Right panel: The total cooling
curve as a function of different metallicity. The part below 10 4K also takes into account cooling
by molecules (e.g., HD and H2) and metal lines. Figure taken from [95].

Note that almost all implementations solve the above rate equations (and therefore
the cooling of the gas) as a “subtime step” problem, decoupled from the hydrody-
namical treatment. In practice, this means that one assumes the density is fixed
across the time step. Furthermore, the time step of the underlying hydrodynamical
simulation is in general, for practical reasons, not controlled by or related to the
cooling time scale. The resulting uncertainties introduced by these approximations
have not yet been deeply explored and clearly leave room for future investigations.

For the formation of the first objects in halos with virial temperatures below
104K, the assumption of ionization equilibrium no longer holds. In this case, one
has to follow the nonequilibrium reactions, solving the balance equations for the
individual levels of each species during the cosmological evolution. In the absence
of metals, the main coolants are H2 and H+

2 molecules (see [99]). HD molecules
can also play a significant role. When metals are present, many more reactions are
available and some of these can contribute significantly to the cooling function below
104K. This effect is clearly visible in the right panel of Fig. 3.7 for T < 104K. For
more details, see Chapter 6 and Refs. 100, 95 and references therein.

3.5. Star formation and feedback

Once radiative losses are taken into account, the drop out of cold gas into collision-
less stars has to be modeled. This process is described in more detail in Chapter 6.
In brief, when gas exceeds a certain density threshold, the resolution element (either
the SPH smoothing length or the mesh size for Eulerian codes) is Jeans unstable and
represents a convergent flow, it is assumed that the individual resolution element
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Cooling Curve @ T<104 K

cf:  Tvir ~ 104 K for atomic cooling halo of Mh~108 M⦿ 
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UV background (UVB) radiation

Haardt & Madau ’96, ’11;  Faucher-Giguere+’09;  Khaire & Srianand ’19; …

specific intensity: 



Net cooling rate with heating

With UVB: 

Weinberg+’97

dotted: 
cooling rate

dashed: 
photo-ioniz.  
heating rate

solid line:  
net rate

[erg cm3 s-1]



Useful packages for cooling
https://grackle.readthedocs.io/en/grackle-3.1.1/Grackle :

by B. Smith(taken out of Enzo AMR simulation)

KROME: http://www.kromepackage.org/

Cloudy: https://www.nublado.org/
by G. Ferland+

by Grassi, Bovino+

https://grackle.readthedocs.io/en/grackle-3.1.1/
http://www.kromepackage.org/
https://www.nublado.org/


equilibrium curve



17 GalaxY formation

lD o., (: lkr/Prn;t/") /

10 100

t

kms -

1000

t,.
H'

!n)

b0

104
t  Lo6

r  /K

l07

Figure 17.3' Jht 
cosmological cooling diagram' adapted from

Blumenthal n' o''"isiii'^^i;it-it a. pfol 
"or uarvonlc density against

temperature, btt th: ;;;itttit" t" utto"itv dispersitn is shown above the

ptot. The diagonal frottn tintt are l ines ottonttunt mass (in Solar units)'

assuming 10% ot ;h;;i"i ;"ss to be ba'vo"ic' The solid curryes with

minima show the f"t"t"lf""g *ttich the cooling time equals the collaPse
time; objects 

"b"";"th;J;;;tt "un 
tool'tmcien"tly' The three curves show

(bottom to top):;i;;il;;ztto 
-ttut';zero 

metals photoionized with

ar:t d' : 'Lp""t"'itlCil;;;tutly 
hoti"ontal solid lines indicate the

results for virializeJ 30 fluctuations accordins to the empirical fluctuatron
spectrum fo, o :"T ir"** t*il1u"a o-: iuiper curve)' The locations of

.i"*[i,"i,rqeii)';;'*"r"1il*tl,::*'ii:J'.i.tf'::ffi ,,t3l'1ffiassuming h :0'65) provide convlnclng e

governs whether ;'"5il;; 
"bj..i-i* 

f,"r".iued as a galaxy or as a svstem
of galaxies.

moreabrupt lythanwehaveassumedabove.Detai ledappl icat ionoftheseargumentsto the cDM model was;;. ;; Blumenthal i at (tssit, who concluded that cooling

allows a very good 
""a.rri*oi"g 

of the delineation between galaxies and clusters (see

figure 17.3).

Theremarkableconclusionofthissect ionisthatsimpleconsiderat ionsofmicrophysics have allowed us to underrt"";-;h; characteristic masses of galaxies'

Collapsedhaloesthatexceedthecrit icalmasswillcontaingasthatcannotcoolefficiently:

when we look

the galaxies,

critical galax

coefficient fo

gives the cha

where a : l

contrast, the

PHOTOIONI
potentiallY t

galaxy mass

10a and 105

that the gat

these temPt

dominant r

between at<

electrons, ts

This

removed if

little aflect
be estimatt
emission li

recombinar

(Efstathiot

ionizing cc

This parti,

high redsb

flux drops

that the n

for galaxit

Th

room for

self-shield
the old P
can be sh

For the u

velocity e

Peacock textbook, p.572Blumenthal+’84;

gal clusters



Part III.2:  
Star  Formation & Feedback



Background Cosmology 

Gravitational Instability 

N-body dynamics (Dark Matter) — Ch.2 of my book 

Hydrodynamics — Ch.3 of my book 

Radiative Cooling of Gas, UVB 

Star Formation, Chemical Enrichment 

Feedback (SNe, AGNs)

“Recipe” for Galaxy Formation

+ spherical collapse model



HST~3
 p

c

“Pillars of Creation” 
in Eagle Nebula (M16)



✤ Current cosmological simulations 
lack the spatial and mass 
resolutions to resolve the small 
scale processes which govern star 
formation (SF)  within the ISM. 

✤ Need a subgrid model 
for SF

(HST)

✤ `Pillars of Creation’ in Eagle Nebula (M16)

~3
 p

c

✤ IC5146 molecular cloud

Filament thickness:  ~0.1 pc 
(NH≳1022 cm-2)

(~sonic scale below which interstellar 
turbulence becomes subsonic in diffuse gas)

Herschel 70-500µm (Arzoumanian+11)



Star Formation model

then, spawn star ptcl according to 

Cen & Ostriker ’93
Katz & Gunn ’92

For SPH: 

Yepes+97;  Springel+’03

recycling fraction

sound crossing time < dynamical time

(Salpeter) 0.2 (Chabrier IMF)



cold gas

Sub-grid Multiphase ISM model

SFR:

(nth ~ 0.1 - 1 cm-3) (controls the normalization; i.e. SF efficiency.)

Each SPH ptcl is pictured as a multiphase hybrid gas.

cold phasehot phase

gas recycling fraction

But, no apparent dependence on metallicity.

(cold phase)

Schmidt law

Yepes+97;  Springel+’03

(hot phase)



H2 dependence of SF

✤ SF tightly correlates with molecular gas  (e.g. Bigiel+ ’08)

No. 1, 2009 THE STAR FORMATION LAW IN ATOMIC AND MOLECULAR GAS 853

Figure 1. SFR surface density Σ̇∗ as a function of H i (panel a), H2 (panel b), and total gas (panel c) surface densities ΣH i, ΣH2 , and Σg. Lines show our theoretical
model predictions for values of clumping factor times metallicity of log cZ′ = − 0.3, 0.2, 0.7, and 1.2, as indicated. Contours show observations from THINGS, and
are constructed as in B08: we break the plane of the plot into bins 0.05 dex wide in each direction and count the number of independent data points in each bin. The
contours represent, from lightest to darkest, 1, 2, 5, and 10 data points. The dashed vertical lines in the ΣH2 and Σg plots indicate the THINGS CO sensitivity limit of
4.5 M⊙ pc− 2. Note that our plots are shifted by a factor of 1.36 relative to those of B08 because we include the mass of helium in ΣH i, ΣH2 , and Σg.
(A color version of this figure is available in the online journal.)

Equation (7) gives an estimate for SFRff/tff in a molecular
cloud of a known mass. To complete the calculation, we must
estimate the characteristic molecular cloud mass in a galaxy. We
follow KM05 in estimating that this will be determined by the
Jeans mass in the galaxy, which is

M ≈
σ 4

g

G2Σg
=

π4G2Σ3
gQ

4

4Ω4
, (8)

where σg is the gas velocity dispersion, Q is the Toomre Q of
the galactic disk, and Ω is the angular velocity of its rotation.
If we can directly measure Σg, Ω, and Q, or Σg and σg, for
a galaxy, then we can solve for M directly and substitute into
Equation (7) to obtain a characteristic value of SFRff/tff for
that galaxy. However, often one or more of the quantities are
unknown, and even when they are known it is useful to have
a rough estimate in terms of a single quantity such as Σg
rather than three quantities Σg, Ω, and Q. Since M6 enters
the SFR only to the 0.33 power, any errors we make in this
approximation are unlikely to have strong effects. We therefore
follow KM05 in assuming that all galaxies will be marginally
Toomre stable, Q ≈ 1, and noting that there is broad statistical
correlation Ω/Myr− 1 ≈ 0.054(Σg/85 M⊙ pc− 2)0.49. If we use
this correlation in (8) then we obtain

M6 ≈ 37
(

Σg

85 M⊙ pc− 2

)1.0

. (9)

Finally, it is worth noting here that our estimate of the
molecular cloud volume density, which depends on Σcl and M6,
is somewhat different from that of KM05. They assumed that
GMC surface densities were set largely by external pressure in
a galaxy, and computed the density based on this assumption.
As discussed above, more recent observational and theoretical
work suggests that instead GMC densities are primarily set by
internal feedback processes and do not vary significantly with
galactic conditions, at least in Milky Way-like galaxies. Our
model in this paper takes this result into account.

2.3. The Full Star Formation Law

We have now derived the major components of our star for-
mation law (Equation (1)). The molecular fraction fH2 depends

only on gas surface density Σg, metallicity Z′, and the clump-
ing of the gas c on scales unresolved in a given observation or
simulation (Equation (2)). It increases with Σg, becoming fully
molecular at ∼10/cZ′ M⊙ pc− 2. We have also derived an ana-
lytic relation for the inverse star formation timescale SFRff/tff in
two regimes. Where internal GMC pressure far exceeds the am-
bient ISM gas pressure and GMCs “forget” their environment—
as typically occurs in nearby galaxies with Σg < 85 M⊙ pc− 2—
this timescale does not depend on Σg except indirectly through
the molecular cloud mass (Equation (9)). Above Σg = 85 M⊙
pc− 2, ambient pressure becomes comparable to the GMC in-
ternal pressure and the star formation timescale depends on Σg
(Equation (7)). In neither case does the timescale depend on
either the metallicity or the clumping, so the SFR in molecular
gas does not depend on either of these quantities. Only the SFR
in total gas does.

We are now ready to combine these pieces into our single star
formation law:

Σ̇∗ = fH2 (Σg, c, Z
′)

Σg

2.6 Gyr

×

⎧
⎪⎨

⎪⎩

(
Σg

85 M⊙ pc− 2

)− 0.33
,

Σg

85 M⊙ pc− 2 < 1
(

Σg

85 M⊙ pc− 2

)0.33
,

Σg

85 M⊙ pc− 2 > 1
. (10)

3. COMPARISON TO OBSERVATIONS

We compare our proposed star formation law, Equation (10),
to the observed relationship between star formation, atomic
gas, and molecular gas in Figures 1 and 2. The majority of
the observations come from the THINGS sample. The full
sample covers metallicities from log Z′ = − 1.22 to 0.49 (Walter
et al. 2008; KMT09), but only four of the 34 galaxies have
metallicities below log Z′ = − 1.0, and these are all dwarfs with
such low SFRs that they contribute negligibly to the total SFR
in the sample. Moreover, the molecular gas masses for these
systems are likely to be extremely uncertain (see below). Thus
we adopt log Z′ = − 1.0–0.5 as a realistic range of metallicities
in the data.

The THINGS sample is observed at a resolution of ∼750 pc,
much larger than a single atomic–molecular complex, so we
expect c > 1. The true value of c cannot be determined directly

✤ Spread can be understood as metallicity dependence
(Krumholz+ ’09)
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on Kennicutt-Schmit plot



H2-based SF in SPH
✤ Modify the multiphase ISM model to 

include the H2 mass fraction.

✤ t* --> free-fall time of the region.

✤ SF efficiency:  εff = 0.01 
(Krumholz & Tan ’07;   Lada+ ’10)

ρ̇∗ = (1− β)ϵff
ρH2

t∗

where

star 
formation

cloud 
evaporation cloud 

growth

SN

ρc

ρh

ρH2

GMC 
growth

(cf. Christensen+; Gnedin+, Robertson+,…..)

Thompson, KN+ ’14

t⋆ = tff =

!
3π

32Gρgas

β: Instantaneous Recycling Fraction
(β≈0.2 for Chabrier IMF)



Background Cosmology 

Gravitational Instability 

N-body dynamics (Dark Matter) — Ch.2 of my book 

Hydrodynamics — Ch.3 of my book 

Radiative Cooling of Gas, UVB 

Star Formation 

Feedback (SNe, AGNs), Chemical Enrichment

“Recipe” for Galaxy Formation

+ spherical collapse model



Cosmic Star Formation History

Bouwens+’09, ’15 Kistler+’13

How many stars are being formed per yr per unit volume.

— Observation —



Cosmic SFRD
— Simulation —

Springel & Hernquist '03
KN, Cen, Ostriker ‘00

gravitational  
instability

Quenching

Quenching due to: - cosmic expansion
- feedback



Modified Schechter Func.

# of low-mass gals is significantly reduced at Muv>-16

Future test with JWST. 

High-z LFs with H2-SF model
Jaacks, Thompson, KN ’13

2 Jaacks, Thompson, & Nagamine

Table 1
Simulation Parameters Used in this Paper. The parameter Np is the

number of gas and dark matter particles; mDM and mgas are the particle
masses of dark matter and gas; ϵ is the comoving gravitational softening

length.

Run Box Size Np mDM mgas ϵ
(h−1Mpc) (DM,Gas) (h−1M⊙) (h−1M⊙) (h−1kpc)

N400L10 10.0 4003 9.37×105 1.91×105 1.0
N500L34 33.75 5003 1.84×107 3.76×106 2.70
N600L100 100.0 6003 2.78×108 5.65×107 4.30

initial mass function (IMF), while the H2 runs used the
Chabrier (2003) IMF for historical reasons of our work.
Galaxies are identified and grouped based on the bary-
onic density field (see Nagamine et al. 2004, for more
details).
Since the estimation of H2 mass fraction is dependent

upon metallicity, the details regarding our feedback and
enrichment models are relevant. When SF takes place,
metals are also produced with an instantaneous yield of
0.02, and thereafter tracked by the code based on a closed
box model for each gas particle (i.e., no diffusion). Our
MVV wind model is designed to account for both energy-
driven and momentum-driven winds (Choi & Nagamine
2011). Wind velocity is determined by vwind = ζvesc,

where vesc = 130(SFR)1/3
!

1+z
4

"1/2
km s−1. We adopt

the standard values of ζ = 1.5 for high-density regions
(momentum driven) and ζ = 1 for low-density regions
(energy driven), chosen by Choi & Nagamine (2011).
The mass loading factor is η = (σ0/σgal)2 for the energy-
driven case, and η = σ0/σgal for the momentum-driven
case, where σ0 = 300 km s−1 and σgal = vesc/2 is the
velocity dispersion of a galaxy. For full detail and phys-
ical justifications for this model, see Choi & Nagamine
(2011).
Our ”Fiducial” runs use the ”Pressure-SF model”

(Schaye & Dalla Vecchia 2008; Choi & Nagamine
2010), while the present work uses the H2-SF model of
Krumholz et al. (2009), implemented by Thompson et al.
(2013, hereafter H2 runs). This equilibrium analytic
model calculates the SFR based on the H2 mass density
rather than the total cold gas density, and Krumholz &
Gnedin (2011) have shown that it is in good agreement
with more computationally expensive, non-equilibrium
calculations by Gnedin et al. (2009). The details of the
implementation and the basic results of this model have
been presented by Thompson et al. (2013).
In principle our implementation of the H2-SF model of

Krumholz et al. (2009) must be similar to the previous
work by Kuhlen et al. (2012) on the most basic level.
The primary difference between the two work is in the
class of code in which it was implemented, Enzo (AMR)
versus GADGET (SPH). We will further discuss the ba-
sic differences and potential effects in Sections 3.1 and
4.

3. RESULTS

3.1. Modified Schechter Luminosity Function

We combine the results of our three runs to create a
composite LF, which covers a much wider dynamic range
than is possible with a single cosmological run. In Fig-
ure 1, we present our composite LF for z = 6, 7, 8 (red

triangles, blue circles, green squares) for the H2 run, in
comparison to the Schechter (1976) fits for our Fiducial
runs (dashed red, blue, green lines; Jaacks et al. 2012a)
with the Pressure-SF model. We also show the observed
LF fit range (gray shade; Bouwens et al. 2011). A small,
constant extinction EB−V is required to fall within the
observational range for both runs (Jaacks et al. 2012a),
although the H2 runs at z = 7 & 8 require less extinction
by ∆EB−V = 0.025 than the Fiducial runs, suggesting a
trend of decreasing EB−V with increasing redshift.
The value of EB−V is chosen to be consistent with the

value used to match the observed rest-frame UV LF in
our previous work (Jaacks et al. 2012a), and it is centered
between the following two recent observations: Bouwens
et al. (2012b) argued for little to no extinction at the
faint end of the LF at z = 6, whereas Willott et al. (2012)
found a best-fit value of AV = 0.75, which corresponds
to EB−V ∼ 0.19 assuming RV = 4.05 (Calzetti et al.
2000) at the bright end of the UV LF at z = 6. This
moderate amount of extinction is also consistent with the
estimates by Schaerer & de Barros (2010) and de Barros
et al. (2012) who included nebular emission lines in their
spectral energy distribution fits. Therefore the values
of EB−V chosen for this work are reasonably consistent
with current observations.
At Muv ! −18, both Fiducial and H2 runs show excel-

lent agreement with each other and observations. How-
ever at Muv > −18, the H2 run start to show a turn-over
of the LF, which is not present in the Fiducial LFs. This
flattening significantly reduces the number density of low
luminosity objects in the H2 run, and it occurs beyond
current observational limit of the Hubble Space Telescope
(HST ). As this population of low-luminosity galaxies is
thought to be the critical contributor to the total ioniz-
ing flux at these redshifts (Trenti et al. 2010; Salvaterra
et al. 2011; Bouwens et al. 2012a; Finkelstein et al. 2012;
Jaacks et al. 2012a), it is important to quantify this re-
duction and its implications.
To quantify the turnover point and flattening, we adopt

a modified Schechter function (hereafter Schechter+):

Φ(L) = φ∗

#

L

L∗

$α

exp

#

−
L

L∗

$

%

1 +

#

L

Lt

$β
&−1

, (1)

where φ∗, L∗ and α are the normalization, characteristic
luminosity, and faint-end slope of the standard Schechter
function. The additional parameter Lt indicates the
point at which the LF undergoes its second turn, and
β is related to the power-law slope at the lowest lumi-
nosities. Note that Φ(L) ∝ Lα−β when L ≪ Lt, and
that both α and β take negative values. A similar func-
tional form to Equation (1) was used by Loveday (1997)

(cf. Loveday+ ’97)

WISH-EDS & 
HST limit JWST limit

Kuhlen+ ’12 (AMR)
(cf. O’Shea, KN+’05:   Enzo-Gadget comparison)

WISH-UDS



SFR fcn w/ H2-SF model
H2-BASED STAR FORMATION MODEL, z ≥ 6 LUMINOSITY FUNCTION, & REIONIZTION 5

Figure 3. SFRF of simulated galaxies at z = 6, 7,&8, shown as red triangles, blue circles and green squares, respectively. The observational
estimates (Smit et al. 2012) are shown by filled cyan diamonds. Solid red, blue and green lines represent the best-fit Schechter+ functions
(Equation 2) to the simulation data.

Figure 4. SFRD obtained from the integration of SFRF for
both H2 and Fiducial runs with SFR limits of log(SFR) = −0.10
(solid/dashed red line) and log(SFR) = −1.0 (solid/dashed green
crossed line). Observations from Bouwens et al. (2012b) are rep-
resented by the black squares and recent z = 8 observations from
Oesch et al. (2012) by a blue diamond. The open black squares
and open blue diamond show the same observed points adjusted for
a Chabrier IMF. The SFRD required to maintain IGM ionization
(Equation 3) is shown by the shaded gray area for 7 ≤ C/fesc ≤ 50.
The blue dot-dashed line represents an updated estimation of the
critical SFRD by Shull et al. (2012).

limit of log(SFRlim) = −1.0, shows that the total SFRD
in our simulations is significantly higher than what is
currently observed. This is consistent with our previous
findings (Choi & Nagamine 2012; Jaacks et al. 2012a).
The reduction of SFRD at z ≥ 6 is also consistent with
findings by Krumholz et al. (2009); Gnedin & Kravtsov
(2010), and Kuhlen et al. (2012), who show that H2-
SF model reduces high-z SFRD due to metallicity effect
(Thompson et al. 2013). However the degree of reduc-
tion may still be different among different simulations
and models.
To determine whether or not our simulated galaxy pop-

ulation is sufficient to maintain reionization, we utilize
the theoretical prescription presented in Madau et al.
(1999), which quantifies the minimum SFRD required
to keep the intergalactic medium (IGM) ionized (shaded
gray contour):

ρ̇⋆ ≈ 2× 10−3

!

C

fesc

"!

1 + z

10

"3

[M⊙ yr−1Mpc−3]. (3)

This depends on redshift and the ratio of IGM clumping
factor (C) and escape fraction (fesc) of ionizing photons
from galaxies. Given that the exact values of both C and
fesc are still debated and uncertain, we show a wide range
of 7 ≤ C/fesc ≤ 50 (grey shade in Figure 4) which are
consistent with works by Iliev et al. (2006); Pawlik et al.
(2009); Finlator et al. (2012); Kuhlen & Faucher-Giguère
(2012).
We also include an updated estimation of the critical

SFRD by Shull et al. (2012, blue dot-dashed line) which
includes considerations for the Ly-continuum production
rates and the temperature scaling of the recombination
rate coefficient. Their calculation uses a fiducial value of
C/fesc = 15.
Figure 4 reinforces our previous arguments (Jaacks

et al. 2012a) that the abundant, low-luminosity galax-
ies, which are currently beyond the detection threshold of
HST, dominate the total SFRD at z ≥ 6. When this pop-
ulation is considered, there is sufficient amount of ioniz-
ing photons available to maintain ionization by z = 6−7
for a reasonable value of C/fesc.

4. CONCLUSIONS AND DISCUSSIONS

Using GADGET-3 cosmological SPH simulations
equipped with a H2-SF model, we examined UV LF,
SFRF and the contribution of low-luminosity galaxies to
the total SFRD at z ≥ 6 . Our major conclusions are as
follows.

• We find that, at Muv ! −18, the H2-based SF
model does not change the faint-end slope from
our Fiducial runs with α < −2.00 at z ≥ 6
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Figure 2. Redshift evolution of Schechter+ parameters for both
our simulated LF (red squares) and simulated SFRF (blue dia-
monds) at z = 6, 7, & 8, shown with 1σ error bars. The SFRF β
value is offset by ∆z = 0.1 for readability. The horizontal dash-
dotted line in the top panel represents the approximate JWST

observable limit (Muv ≈ −16).

whereas our halo mass function in N400L10 run agrees
very well with Sheth & Tormen (1999) down to 108M⊙,
as we showed in Figure 17 of Jaacks et al. (2012a). This
corroborates our suspicion that the main difference in the
two results is coming from the difference in the number
of low-mass halos in the two simulations. We also dis-
cuss the other possibility of difference in metal diffusion
in Section 4.
In Figure 2, we summarize the redshift evolution of

best-fit Schechter+ parameters. We see that M t
uv be-

comes dimmer and the power-law slope α − β of Φ(L)
becomes shallower with decreasing redshift. These re-
sults support the current paradigm of hierarchical struc-
ture formation: as the smaller objects form first and later
merge to form larger systems, the number of dim object
decreases, and the LF becomes flatter at the faintest end.
Since the predicted M t

uv occurs at Muv < −16 at z = 7
& 8, this feature should be observable by future missions
such as James Webb Space Telescope (JWST ).

3.2. Star Formation Rate Function (SFRF)

A recent work by Smit et al. (2012) presented the ob-
served SFRF from dust-corrected UV LF by converting
LUV into SFR using the Kennicutt (1998) conversion.
The SFRD is then easily obtained by integrating the
Schechter-like fit to the SFRF down to a certain lower
limit, culminating in the commonly used Lilly-Madau
diagram (Lilly et al. 1996; Madau et al. 1996). Compar-
ing the SFRF of our simulated galaxies to the observed
results is an excellent test of our SF model, since SFR is
one of the most basic outputs of our simulations. It is
also a more intrinsic comparison for us as it does not re-
quire any assumptions on our part regarding the amount
of extinction in our simulated galaxies as this correction
is included in the observational estimates.
Figure 3 shows the SFRF of simulated galaxies at

z = 6, 7, 8 (red triangles, blue circles and green squares,
respectively). We find good agreement with the observed
results (Smit et al. 2012, cyan diamonds), especially at
z = 7. Deviation at low-SFR end of z = 6 is expected,
given a similar deviation in the LF at the low-end shown
in Jaacks et al. (2012a,b). This deviation could either
indicate that our simulation is still overproducing stars
at z = 6, or it could also be due to uncertainties in the
faint-end observations (i.e., missed faint galaxies) and/or
assumptions regarding extinction.
The SFRF has a similar functional form as the LF,

therefore we utilize the same Schechter+ function to fit
it: φ(SFR) ≡ dn/d log(SFR) = ln(10)SFR Φ(SFR), and

φ(SFR) = ln(10)φ∗
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where φ∗, SFR∗ and α are the usual Schechter parame-
ters as in Equation (1); SFRt is the location of the second
turnover, and β is related to the low-SFR end power-law
slope which is proportional to (1+α−β) at SFR ≪ SFRt.
The best-fit results to all five parameters are shown in
Figure 3 with solid lines. Similarly to the rest-frame UV
LF, the right-most panel shows the increase in normal-
ization and brightening of SFRt clearly from z = 8 to
z = 6.

3.3. SFRD and Reionization

Having a continuous representation of the SFRF allows
for easy integration and acquisition of the SFRD at each
redshift. In Figure 4 we show the results of this integra-
tion (red solid and green lines) plotted against observa-
tional results by Bouwens et al. (2011, black squares) and
Oesch et al. (2012, blue diamond). The red solid line rep-
resents an integration down to log(SFRlim[M⊙yr−1]) =
0.0, which is approximately consistent with the lowest
SFR value of the observational data. The green solid
crossed line is the SFRD value when integrated down to
log(SFRlim) ≈ −1.0. This value is chosen to be consis-
tent with a galaxy stellar mass Ms = 107M⊙ via the Ms-
SFR relationship found in our simulations (SFR∝ M1.0

s ).
The mass of Ms = 107M⊙ also represents the minimum
galaxy resolution of the N400L10 run (∼100 star parti-
cles). The solid observational data points were obtained
assuming the Salpeter IMF, therefore we also show the
same data points corrected for the Chabrier IMF with
open symbols by applying a simple factor (see Section
3.2.1 of Thompson et al. 2013). Our conclusions are not
affected by the change in the IMF.
Figure 4 demonstrates that, when integrated down to

a minimum SFR (log(SFRlim) = −0.10), the H2 run
agrees very well with the Fiducial run and observational
estimates. This is expected, since the H2-SF model did
not affect the number density of objects within the ob-
served range of Muv ! −18 (Figure 1). We note that the
observed points were calculated by integrating the UV
LF to a limiting Muv ∼ −17.74 Bouwens et al. (2012b),
which corresponds to log(SFR) ≈ −0.10 when converted
via Kennicutt (1998) relation.
The green crossed line, representing the integration

Modified Schechter SFR fcn:

Agrees well with current obs constraints at z=6 & 7 (Smit+ ’12)

SFR fcn provides more direct comparison btw sim & obs.
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